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Abstract: Regenerative medicine is a multidisciplinary field where continued progress relies on the incorporation of a
diverse set of technologies from a wide range of disciplines within medicine, science and engineering. This review
describes how one such technique, mathematical modelling, can be utilised to improve the tissue engineering of organs and
stem cell therapy. Several case studies, taken from research carried out by our group, ACTREM, demonstrate the utility of
mechanistic mathematical models to help aid the design and optimisation of protocols in regenerative medicine.
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1. INTRODUCTION
1.1. Background
Regenerative medicine is a rapidly progressing field of
medical science that promises to improve and save the lives
of countless numbers of people over the coming decades.
Important milestones in the clinical application of tissue
engineering were achieved with the first in-human
transplantations of tissue engineered tracheas using donor [1]
and artificial scaffolds [2]. Clinical and pre-clinical studies
have shown great promise for the tissue engineering of a
range of organs including heart [3], lung [4], and oesophagus
[5].
The two major classes of therapies used in regenerative
medicine, which are the subject of this paper, are the tissue
engineering of organs [6, 7] and stem cell therapy [8, 9].
Tissue engineering refers to the methods by which a natural
or artificial tissue engineering (TE) scaffold that serves as
the extra cellular matrix (ECM) of an organ or tissue is
implanted into a patient, with or without repopulating the
scaffold with cells either ex vivo or in vivo. Stem cell therapy
refers to the method of delivering cells directly to afflicted
organs or tissues of the patient [10].
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Both scaffold seeding and cell delivery to organs can be
carried out using either mature or differentiated cells, or

pluripotent cells. In the latter case the aim is to harness the
reparative properties of the cells either through their ability
to differentiate into adult cells, or as a means of boosting the
endogenous repair mechanisms of the tissue. The types of
stem cells that can be used are autologous stem cells
harvested from the patient, e.g. mesenchymal stromal cells
(MSCs) and mononuclear cells (MNCs) isolated from bone
marrow, or non-autologous types of cells, e.g. embryonic
stem cells (ESCs) [11].
1.2. New technologies for regenerative medicine
Despite the early promising successes, the field of
regenerative medicine faces significant scientific and
technical challenges to the goal of attaining widespread
clinical use [12]. The key problems lie in the creation of
effective natural or artificial scaffolds for complex organs
such as the heart and lung, and of ensuring the engraftment
of sufficient numbers and types of seeded cells to ensure that
TE organs become functional after implantation [13].
Being a multidisciplinary field, regenerative medicine
relies on the contribution from a diverse range of specialities
within the medical, biological and engineering sciences. The
result of this interdisciplinary collaboration has been the
development of a raft of novel technologies including new
materials [14] and fabrication techniques for TE scaffolds
[15], the development and purification of stem cell lines
[16], and methods for in vivo and in vitro cell tracking [17,
18]. Progress in the field of regenerative medicine will
continue to benefit greatly from the incorporation of new
technologies and techniques sourced from outside of
traditional biomedical disciplines.
1.3. Mathematical modelling for regenerative medicine
Regenerative medicine, as indeed all of biomedical science,
is increasingly making use of advanced quantitative
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Figure 1: Workflow diagram of the formulation, validation and implementation of a mechanistic mathematical model.
methods. Beyond the traditional use of descriptive statistics
and statistical hypothesis testing used for analysing
experimental data, current research in stem cells and tissue
engineering now routinely incorporates bioinformatics
techniques [19] to infer the molecular profiles and
interactions of cells and tissues in vitro and in vivo [20].
These methods use advanced statistics and sophisticated
computer algorithms applied to the large volumes of data
produced from experiments to infer biological mechanisms
such as gene and protein interactions and signalling
pathways within tissue samples [21].
Another powerful quantitative approach being
increasingly used in regenerative medicine is the use of
mathematical modelling. The method involves creating a
mathematical formulation of the underlying mechanisms of a
biological system based on a priori understanding and
experimental results. A mathematical model can be used to
simulate and analyse the workings of a real biological
system, thereby making it a powerful means of replacing in
vitro and in vivo models for therapies in regenerative
medicine.
An expansive literature pertains to mechanistic
mathematical modelling studies applied to different areas of
biomedicine. Mathematical modelling has been applied
extensively to study cancer growth [22], and has successfully
been used to optimise chemotherapy [23, 24]. Because
regenerative medicine is a relatively new area, which has
hitherto progressed mainly by experimental means, exciting
opportunities are opening up for the application of
mathematical modelling within the field.
The aim of this paper is to demonstrate how mechanistic
mathematical modelling can be successfully applied to
regenerative medicine. In §2 an explanation of the general
principles of a mechanistic mathematical modelling
approach is given. In §3 several key applications are
described where mathematical modelling has been used in
studies of tissue engineering and stem cell therapy carried
out by our research group, the Advanced Center for
Translational Regenerative Medicine (ACTREM). These
include (i) biological TE scaffold production, (ii) seeding of

TE organs, (iii) TE organ biomechanics, and (iv) stem cell
delivery to the lung. This is followed in §3 by further
discussion, and concluding remarks.
2. GENERAL PRINCIPLES AND METHODOLOGY
OF MATHEMATICAL MODELLING
A comprehensive description of the techniques and methods
used for building and evaluating mathematical models is
beyond the scope of this article, and can be found elsewhere
[25, 26], but a brief description is given as follows. The
process of developing a mechanistic mathematical model is
depicted in the flow chart in Fig. 1. The initial model
formulation is based on inferences obtained from previous
experiments and hypotheses, and usually begins with a
schematic diagram encapsulating the key postulated
mechanisms and their interactions. The nature of the
included mechanisms can be diverse and may be chemical
e.g. for describing the metabolism of nutrients by cells [27],
or physical e.g. to account for fluid shear stress experienced
by cells in bioreactors [28].
These mechanisms are used as the basis of the
formulation of the mathematical model. The result is a set of
equations describing how the modelled quantities, e.g. the
concentration of a metabolite or density of cells on a seeded
scaffold, change within the tissue or experimental system
with time. Examples of model equations arising in
applications to regenerative medicine are given in §3 (see
Figs. 2, 3 & 4).
A key challenge to the derivation of mathematical models
for biological applications is to account for the vastly
disparate spatial scales involved, which range from the subcellular scale (< 1 μm) to the macroscopic scale (> 1 mm)
[29]. The macroscopic-scale models presented in §3 do not
directly take into account the behaviour of individual cells.
However, some cellular-scale models used for tissue
engineering directly simulate the motion and interactions of
individual cells in tissue or in a bioreactor [30]. A topical
area in mathematical modelling research is to formulate so
called “multi-scale” models [31, 32] which can take into
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account the different spatial and time scales inherent in tissue
growth [33].
To obtain predictions from the mathematical model
involves “solving” it to determine how the modelled
quantities vary with time and space within the experimental
system. The solution procedure can be done manually using
pen and paper, which is called an “analytical solution
method” or with the aid of a computer. Models that make
significant use of computer algorithms and resources, such
as models based on individual cells, are called
“computational models”. Such computational approaches
arise when performing computational fluid dynamics (CFD)
simulations of the fluid flow within bioreactors [34], and in
the finite elements techniques used to model the complex
geometries of scaffolds and organs [35].
Owing to the inherent complexity of biological systems,
even relatively simple mechanistic mathematical models can
depend on a large number of parameter values. These
parameters typically characterise intrinsic properties within
the experimental system, such as the rate of a chemical
reaction or the speed of cell migration. Model parameter
values can be obtained by carrying out specific experiments,
or by sourcing them from published studies. It is standard
practice to determine unknown parameter values by “fitting”
the model solutions to the experimental data [36]. Validating
a mathematical model is carried out by comparing the model
predictions against new experimental data not used for the
fitting procedure. If the predictions do not agree
satisfactorily with the data, or the model predicts spurious
behaviour, the model should be refined by adding additional
mechanisms, and then revalidated [37].
For the applications of mathematical modelling to
regenerative medicine, such as those described in §3,
analysis of the predictions of the validated model over

ranges of values of controllable experimental parameters can
yield useful information on how to optimise an experiment
or therapy.
3. CASE STUDIES OF THE APPLICATION OF
MATHEMATICAL
MODELLING
TO
REGENERATIVE MEDICINE
This section presents examples that demonstrate how
mathematical modelling, using the methodology described in
§2, is being applied to research in tissue engineering and
stem cell therapy within ACTREM. Reference is given to
related studies reported in the literature, and possible future
directions for research.
3.1. Organ decellularisation
The production of biological TE scaffolds from donor organs
requires the careful use of decellularisation protocols to
remove immunogenic cellular components from the tissue
while leaving the underlying ECM intact. Decellularisation
involves alternatively rinsing the organ with detergents (e.g.
deoxycholate), enzymes (e.g. DNAase) and purified water
over a repeated series of cycles.
Decellularisation protocols have been developed for a
variety of organs [38]. However, applying a pre-specified
protocol, in terms of the concentration of reagents used and
the duration of the cycles, may not necessarily be optimal for
a given organ due to variability of properties such as size,
donor age, and the initial state of degradation of the organ.
Applying the protocol too rigorously to an organ may be
detrimental to the ECM but, in contrast, inadequately
applying the protocol may leave allogeneic remnants in the
tissue. Thus the decellularisation protocol should ideally be
adjusted to suit the particular organ being decellularised.
Such an approach calls for a way of non-destructively

Figure 2: Customised decellularisation of biological scaffolds. During decellularisation the change in colouration of the
scaffold is quantified (a) and compared (b) to the results from the mathematical model (c) to predict the optimal
decellularisation time.
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measuring the amount of cellular material in an organ [39].
Our approach is to quantify changes in the degree of red
colouration of the organ from digital images taken during the
decellularisation (Fig. 2). As decellularisation proceeds, and
cellular debris is released from the tissue, the depth of the
red colouration fades and the tissue becomes a white
translucent colour (Fig. 2 (a), (b)).
Mathematical modelling was used to obtain a quantitative
relationship between the amount of cellular material
remaining in the scaffold and the degree of observed red
colouration. The mechanisms used to build the model
include an account of the diffusive transport of cellular
remnants from the interior of the organ into the surrounding
media, and how incident light on the scaffold is dispersed
from the remaining cellular material thereby giving rise to
the observed red colouration.
The analytical solution of the mathematical model (Fig. 2
(c)) is a formula for the predicted amount of red colouration
of the organ with respect to time. Calculating the value of 𝑟
for each value of 𝑡 involves summing an infinite series of
terms where 𝑛 = 1,2,3 … etc. (in practice, however, it is
sufficient to terminate the summation at a very large value of
𝑛). The equation contains unknown parameters 𝐴 and 𝐵
which specify the initial and base levels of the colouration,
and 𝑘𝑑 which characterises the rate of diffusion of cellular

material through the tissue. Estimates for the three
parameters are determined in real time during the
decellularisation procedure, by fitting the values of the
model to the colouration data as each new image is received
by the camera. The predicted time taken for complete
decellularisation is calculated based on how long it takes for
𝑟(𝑡) calculated from Fig. 2 (c) to remain within a small
range of the final value (blue lines in Fig. 2 (b)). By
continuing the decellularisation protocol until the time
predicted by the model (vertical dashed line in Fig. 2 (b)),
the organ is subject to the shortest possible protocol that
removes sufficient cellular material without deleteriously
affecting the ECM of the organ.
Such “customised” and automated decellularisation
technologies, which are being successfully applied in our
preclinical studies of the oesophagus, intestine and kidney of
rats, are likely to feature prominently in future research and
clinical translation as a means of rapidly facilitating the
production of high quality TE scaffolds [40] .
3.2. TE organ reseeding
A critical step in the production of TE organs is the
seeding of artificial and biological scaffolds with cells.
Scaffold seeding typically involves the use of large numbers
of cells, and there is an urgent need to optimise the cells

Figure 3: Mathematical modelling of seeding of a tissue engineered trachea (a). The different processes acting on the
cells in the bioreactor (b) are used to formulate a mathematical model (c) that predicts the cell coverage at the end of
the incubation (d).
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harvested for clinical therapy and pre-clinical research [41].
Mathematical and computational modelling studies
concerned with understanding and optimising cell seeding
[42-44] and growth [45-47] in TE scaffolds can be put to
good use for this purpose by informing of the minimum
number of cells required for the seeding.
In our preclinical studies involving the static reseeding of
decellularised rat oesophageal [5], diaphragmatic and
intestinal scaffolds with rat MSCs the number of cells used
for the seeding was determined based on the number of
attached cells that would fully cover the external surfaces
(due to the static seeding method and the incubation time
being typically less than 50 hours there was negligible cell
migration into the scaffold interior). For the case of the
reseeding of a decellularised rat diaphragm, a typical value
used for the scaffold area was 𝐴𝑑 = 9 cm2, and the cell area
was 𝐴𝑎 = 281 μm2 which was obtained from studies of rat
MSCs attached to electrospun fibres [48]. This gives
𝑁𝑠 = 𝐴𝑑 ⁄𝐴𝑎 = 3.2 × 106 as the number of cells required for
the seeding.
Such a calculation provides an approximate estimate for
the number of cells required, however it does not take into
account effects such as cell spreading and proliferation, and
distributions in cell size, all of which can significantly
complicate the analysis [49]. Another important effect is the
loss of cells from the scaffold, due to detachment and death,
which can be particularly significant where dynamic seeding
methods are used. The type of bioreactor currently used in
the clinic to seed tracheal scaffolds with MNCs from patients
is shown in Fig. 3(a). The cells are pipetted manually onto
the scaffold, followed by incubation for approximately 50
hours to allow the cells to attach, spread and proliferate over
the scaffold. A key problem is that the constant mechanical
rotation of the scaffold (which is done to keep it moist while
maintaining exposure of cells to the air) generates fluid shear
stress that causes large numbers of cells to be lost to the
bioreactor bath. To account for this loss in the estimate for
the number of cells for the seeding, mechanistic
mathematical modelling was carried out of the fate of cells in
the bioreactor (Fig. 3).
The derivation of the mathematical model utilises
understanding of the different physical and biological
processes involving the cells. These include cell attachment,
spreading, proliferation, and desorption and adsorption of
cells due to contact with the fluid in the bath (Fig. 3 (b)). The
resulting mathematical model is in the form of a set of
ordinary differential equations (ODEs). Fig. 3 (c) gives the

specific equation describing the surface density of
unattached cells, 𝑛𝑢 , on the scaffold at a given time, 𝑡. The
variables 𝑛𝑢 and 𝑛𝑚 respectively represent the densities of
cells atttached to the scaffold and of cells in the bioreactor
bath. The superscript ± is used to distinguish cells attached to
the external and internal surfaces of the scaffold. The
quantities 𝐴𝑎 and 𝐴𝑢 represent the specific areas of
individual attached cells and unattached cells. The quantities
of the form 𝑘𝑋 are rate parameters for the transitions between
the different cell compartments. The function 𝐺 characterises
the effect of the multi-layering of the cells on the rate of
attachment.
For a given number of cells initially seeded onto the
scaffold, the model equations are solved to obtain the total
numbers of attached cells on the tracheal scaffold at the end
of the incubation period (Fig. 3 (d)). The model allows the
correct number of cells to be estimated for bioreactor seeding
of any scaffold of a given size.
With the same kind of bioreactor as shown in Fig. 3 (a),
mathematical modelling has been used to study nutrient
consumption by cells seeded onto tracheal scaffolds [50, 51].
An implication of these studies, and others concerning
nutrient depletion in scaffolds [52, 53], is that the depth of
tissue penetration into a scaffold after implantation will be
limited if it does not become sufficiently vascularised [54].
Such modelling studies are conventionally developed in
parallel but not usually intimately connected with laboratory
experimental work. There is however a need to implement
the predictive ability of models within practical devices to
aid laboratory and clinical procedures [55]. Similarly to the
automated system for the production of biological scaffolds
described in §3.1, the mathematical model for TE scaffold
seeding described above could form the basis of a controller
to produce optimal bioreactor seeding [56]. Such a system
could incorporate non-invasive means of quantifying cell
coverage, sensors for various environmental variables within
the bioreactor, and be capable of controlling bioreactor
inputs, such as actuators to deliver growth factors. Using the
principles of model-based control [57], a feedback controller
could be derived from the mathematical model to optimally
guide the incubation of the scaffold, in real time, so as to
achieve optimal cell coverage. The model-based controller
would continuously monitor the bioreactor sensors and in
response manipulate the control inputs to ensure that full
coverage of attached cells is maintained, while minimising
the amounts of cell detachment, apoptosis and aberrant cell
differentiation.
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Figure 4: Fatigue testing of tissue engineered organs. Data acquired from image analysis (a) of organs subject to
cyclical pressure is fitted (b) to a mathematical model (c) to determine model parameter values.

Hitherto the goal of bioreactor seeding has been to
produce a TE scaffold having a highly confluent layer of
viable stem cells attached to the surface. There remains a
wider question of whether this constitutes a sufficient
number of cells to bring about complete regeneration of the
organ after implantation. To address this question
mathematical modelling has been carried out of regeneration
mechanisms of TE organs and tissues including bone [58],
cartilage [59], skin [60] and MSC-seeded tracheal scaffolds
[59]. The need for vascularisation of TE organs means that
mathematical modelling of angiogenesis [62, 63] will play a
key role in future modelling studies.
3.3. TE organ biomechanics
It is important to be able to measure the mechanical
properties of TE organs so as to ensure that they can function
robustly after implantation. Mathematical modelling can be
used to predict the stresses and strains induced within
implanted TE organs under normal physiological conditions.
There is an extensive literature of mathematical and
computational modelling studies investigating the
mechanical behaviour of native organs, including trachea
[64], lung [65] and heart [66], with an emphasis on
understanding pathologies. There are, however, far fewer
modelling studies which investigate TE organs.
There is a particular need to ensure mechanical viability
of biological scaffolds [67] because directly after
implantation they lack the full complement of cells which
typically reside within native organs. These cells contribute
significantly to the organ’s mechanical properties,

particularly smooth muscle cells (SMCs) which are capable
of active force generation.
By testing small portions of decellularised or artificial
tissue using uniaxial or biaxial testing apparatus, quantitative
data can be obtained of tensile strength, yield stress,
elasticity, viscoelasticity and anisotropy properties [68].
Such data is used to derive constitutive laws [69] to relate the
stress developed in response to strain within localised parts
of a TE graft. Based on these constitutive laws, mathematical
models can be developed to predict the stresses and strains
generated throughout an entire TE organ or graft after
implantation [70]. This is done to ensure that the graft is
mechanically compatible with the host tissue, and that
breaking stresses within the implant are not exceeded.
Another mechanical property of biological tissue, which
is important within the context of tissue engineering, is its
response to fatigue stress. Extended periods of being subject
to repeated cycles of stretch, due to the normal cyclic
processes that occur in vivo, can cause the accumulation of
damage to the underlying ECM of tissues [71]. Without
remodelling of the ECM by resident cells, this accumulated
fatigue can lead to failure of the organ. Current research in
ACTREM involves the evaluation of the fatigue properties
of tubular biological scaffolds (Fig. 4) by subjecting them to
cyclic luminal pressure waveforms (Fig. 4 (a)) and
measuring the corresponding change in organ dimensions
over time (Fig. 4 (b)).
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Figure 5: Mathematical modelling of intratracheal cell delivery. A suspension of MSCs is injected into the trachea and
forced down in the airway using ventilation with air (a). Consideration of the physical mechanisms acting on the fluid
(b) is used to derive a mathematical model to predict the proportion of cells reaching the alveolar regions (c).
To complement the experimental work, mathematical
modelling is being used to characterise the changes in elastic
properties of the organ wall due to accumulated fatigue, and
how the fatigue response of the decellularised tissue differs
from that of native tissue. The mathematical model shown in
Fig. 4 (c) describes the response of an organ to a cyclical
pressure waveform and comprises two parts: (i) the equation
giving the diameter of the organ, 𝐷𝑛 , at the maximum
applied pressure, 𝑃𝑛 , and (ii) the equation for how the
unstretched (zero applied pressure) diameter, 𝑑𝑛 , changes
with the applied number of cycles, 𝑛. In these equations 𝑑0
is the initial diameter, 𝐸 is Young’s modulus, 𝛿, is the wall
thickness, and 𝐹 is a function that characterises the response
of tissue to accumulated fatigue. The appropriate form of the
function 𝐹 is determined by fitting the mathematical model
to the experimental data (Fig. 4 (b)).
3.4. Stem cell delivery

Mathematical modelling is also a useful tool for stem cell
therapy, as a means of determining the optimal delivery
protocols for targeting of cells to organs. We are using
mathematical modelling to study the intratracheal delivery
[72] of MSCs to the lung in a rat model of pulmonary
hypertension (PHT) [10]. The delivery procedure involves
injecting a suspension of cells into the trachea, followed by
an injection of air behind the liquid to force it down into the
alveolar regions where the delivered MSCs promote the
repair of damaged pulmonary vessels.
Mathematical modelling is being used to guide the
determination of a protocol that will deliver the maximum
number of cells to the alveolar regions of the lung (Fig. 5).
The physical principles used to construct the model are based
on the physics of plugs of liquid propagating along straight
tubes (Fig. 5 (a)). The model includes a morphometric
description of the rat lung and accounts for effects such as
lung asymmetry and the changes in the volume of the lung
due to inflation. The model was adapted from similar
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modelling approaches used to study the delivery of
surfactant to the lungs of neonates [73, 74].
As the fluid plugs propagate through the conducting
zone, they split at the bifurcations in the airway tree. The
plugs deposit a thin layer of cell suspension on the walls of
the airway tubes, the thickness of which depends on the rate
of injection of air (Fig. 5 (b)). The mathematical model
predicts the proportion of cells that are delivered to the
alveolar regions in terms of experimental parameters such as
the volume of the suspension, 𝑉ins , and the rate of
ventilation, 𝑄ven (Fig. 5 (c) – centre panel).
The model predicts that the optimal protocol comprises a
rapid injection of the cell suspension into the trachea, so as
to promote the formation of a stable plug of fluid in the
upper airway, followed by a slow ventilation so as to
minimise the thickness of deposited layer thereby
minimising the loss of cells to the conducting zone. Also to
minimise the cell loss, the volume of the cell suspension
should be maximised thereby minimising the volume of the
liquid film relative to the total volume of suspension
(concomitant on the amount of delivered liquid not
obstructing gas exchange in the respiratory zone). The
predictions of the mathematical model will be validated
using data of the numbers of green fluorescent protein
(GFP)-labelled cells counted in digital images of crosssections of excised rats lungs (Fig. 5 (c) – side panels).
One noteworthy aspect is that this model is not
appropriate for lungs of adult humans because of the larger
sizes of the airway tubes. In the case of the adult human lung
stable fluid plugs cannot form in the upper airway and the
injected cell suspension tends to flow down into the lung
under gravity. To study cell delivery in this case would
require CFD simulations, incorporating highly resolved
representations of lungs, to accurately simulate the flow of
the cell suspension through the airway tree. Such
computational modelling approaches have been pursued
extensively for the simulation of aerosol deposition in
airways [75, 76]. Computational modelling involving CFD
should also be useful for understanding how to seed complex
biological TE scaffolds, such as the kidney and lung, by
perfusion of a cell suspension through the organs’ remnant
vasculature.
As in the case of the model for bioreactor seeding
described in §3.2, the cell delivery model does not provide
information about the number of stem cells needed to be
injected to successfully repair the lung. For this, information
about the long-term fate of the delivered cells and the doseresponse mechanisms of the MSCs would need to be
included in the model. A barrier to creating mechanistic
models of the reparative effects of MSCs is an imprecise
knowledge of the mechanisms involved, and to what extent
their reparative properties is due to differentiation into the
phenotypes of the host tissue [77] as compared to paracrine
and endocrine effects that stimulate endogenous repair [78].
This question is however a fertile area for research in
mathematical modelling, and will allow hypotheses

concerning the mechanisms, such as modulation of
inflammation [61, 79] and stem cell differentiation [80], to
be explored. The understanding of systemic effects including
the homing of endogenous stem cells to organs and the
mechanisms of inflammation, could be aided using whole
body pharmacokinetic models [81, 82]. Such models will
also be informative for optimising stem cell delivery via
systemic routes e.g. by intravenous injection.
Quantitative predictions of the dose response of stem
cells obtained from such studies could be incorporated into
mechanistic models for cell delivery and used to calculate
the number and timing of the doses of stem cells, in a similar
way that has been achieved with models that predict the
optimal dosage in cancer treatments [24].
4. DISCUSSION
This paper has highlighted the use of mathematical
modelling as a valuable tool for research in different areas of
tissue engineering and stem cell therapy. In §3 a broad range
of examples of such applications of mathematical modelling
used by our group (ACTREM) were given. The list is not
exhaustive but serves to illustrate the utility and scope of
mathematical modelling techniques within regenerative
medicine. Those examples also serve to motivate further
work and model refinements.
The current trend with mathematical and computational
modelling is to produce progressively more sophisticated and
refined mathematical multi-scale models of tissues and
organs which incorporate large volumes of “omics” data
[83]. It is possible to envisage that eventually highly realistic
computational models of whole organs will be built on which
to perform experiments, instead of living tissue [84]. The
idea of virtual or so called “in silico” organs and tissues has
been pursued actively for the heart [85], liver [86], lung [87]
and cancerous tissue [88].
There are, however, significant challenges to creating
realistic in silico organs for the use in regenerative medicine.
There is still a lack of complete understanding of the
underlying mechanisms contributing to the growth and
regeneration of engineered tissues, particularly those
concerning the therapeutic action of stem cells [89] and
systemic effects such as inflammation and cell homing. In
addition, the need to resolve fine structural details in the
tissue make in silico mathematical models of whole organs
computationally demanding to solve [90]. This will,
however, become more feasible with the relentless increase
in the power of cheaply-available computer hardware. A
more modest approach, and that which was pursued in the
applications presented in §3, was to develop specialised
models tailored for particular experiments and therapies. The
methodology used was to intimately combine in vitro and in
silico modelling approaches.
However, with all mathematical models a fundamental
problem lies in being able to accurately determine the values
of model parameters from available experimental data [91].
Whereas many modelling studies use parameter values that
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are “typical” or “representative” of the tissue, the effective
clinical translation of mathematical models requires the use
of accurately determined patient-specific parameters [92,
93].

5. Sjoqvist S, Jungebluth P, Lim ML, Haag JC, Gustafsson
Y, Lemon G, et al. Experimental orthotopic transplantation
of a tissue-engineered oesophagus in rats. Nature
Communications. 2014;5.

An appealing aspect of the use of mechanistic
mathematical models for tissues lies in the potential time and
cost saved through reducing the amount of laboratory work
required. Also, research in regenerative medicine requires
large numbers of animals to be sacrificed for the
development of surgical techniques, the testing of therapies,
and the harvesting of stem cells. In silico models can in
principle be used as a substitute for laboratory and human
subjects; experimentation and optimisation of therapies
could be carried out painlessly on “virtual” tissues and
organs. In silico models will also become an important tool
for reducing the reliance on animal experimentation in
regenerative medicine in the future [94].

6. Badylak SF, Weiss DJ, Caplan A, Macchiarini P.
Engineered whole organs and complex tissues. Lancet.
2012;379(9819):943-52.

CONCLUSION
Mathematical modelling is a highly effective research
tool for tissue engineering and stem cell therapy.
Mathematical modelling techniques should be well
integrated with experimental work, with a continual
interaction between experiments, theory and simulation. This
will allow for the creation of more refined and accurate
models for use in regenerative medicine.
CONFLICT OF INTEREST
The authors declare no conflict of interest.
ACKNOWLEDGEMENTS
This work was supported by European Project FP7NMP-2011-SMALL-5: BIOTRACHEA no. 280584, ALF
Medicine nos. 20140512 and 20120545, Vetenskapsrådet:
nos. K2013-99X-22252-01-5 and K2012-99X-22333-015, Dr Dorka Stiftung (Hannover, Germany), and the
Government
of
the
Russian
Federation grant
11.G34.31.0065. ABF is supported by a training fellowship
from Harvard Apparatus Regenerative Technology Inc.
REFERENCES
1. Macchiarini P, Jungebluth P, Go T, Asnaghi MA, Rees
LE, Cogan TA, et al. Clinical transplantation of a tissueengineered airway. Lancet. 2008;372(9655):2023-30.
2. Jungebluth P, Alici E, Baiguera S, Le Blanc K, Blomberg
P, Bozoky B, et al. Tracheobronchial transplantation with a
stem-cell-seeded bioartificial nanocomposite: a proof-ofconcept study. Lancet. 2011;378(9808):1997-2004.
3. Ott HC, Matthiesen TS, Goh SK, Black LD, Kren SM,
Netoff TI, et al. Perfusion-decellularized matrix: using
nature's platform to engineer a bioartificial heart. Nature
Medicine. 2008;14(2):213-21.
4. Ott HC, Clippinger B, Conrad C, Schuetz C,
Pomerantseva I, Ikonomou L, et al. Regeneration and
orthotopic transplantation of a bioartificial lung. Nature
Medicine. 2010;16(8):927-U131.

7. Langer R, Vacanti JP. Tissue Engineering. Science.
1993;260(5110):920-6.
8. Rao M, Mason C, Solomon S. Cell therapy worldwide:
an
incipient
revolution.
Regenerative
Medicine.
2015;10(2):181-91.
9. Satija NK, Singh VK, Verma YK, Gupta P, Sharma S,
Afrin F, et al. Mesenchymal stem cell-based therapy: a new
paradigm in regenerative medicine. Journal of Cellular and
Molecular Medicine. 2009;13(11-12):4385-402.
10. Hayes M, Curley G, Ansari B, Laffey JG. Clinical
review: Stem cell therapies for acute lung injury/acute
respiratory distress syndrome - hope or hype? Critical Care.
2012;16(2).
11. Weiss DJ. Concise review: current status of stem cells
and regenerative medicine in lung biology and diseases.
Stem Cells. 2014;32(1):16-25.
12. Chen FM, Zhao YM, Jin Y, Shi ST. Prospects for
translational
regenerative
medicine.
Biotechnology
Advances. 2012;30(3):658-72.
13. Atala A, Kasper FK, Mikos AG. Engineering complex
tissues. Science Translational Medicine. 2012;4(160).
14. Holzapfel BM, Reichert JC, Schantz JT, Gbureck U,
Rackwitz L, Noth U, et al. How smart do biomaterials need
to be? A translational science and clinical point of view.
Advanced Drug Delivery Reviews. 2013;65(4):581-603.
15. Hollister SJ. Scaffold design and manufacturing: from
concept to clinic. Advanced Materials. 2009;21(32-33):333042.
16. Sart S, Schneider YJ, Li Y, Agathos SN. Stem cell
bioprocess engineering towards cGMP production and
clinical applications. Cytotechnology. 2014;66(5):709-22.
17. Ratcliffe E, Thomas RJ, Stacey AJ. Visualizing medium
and biodistribution in complex cell culture bioreactors using
in vivo imaging. Biotechnology Progress. 2014;30(1):25660.
18. Ito A, Shinkai M, Honda H, Kobayashi T. Medical
application of functionalized magnetic nanoparticles. Journal
of Bioscience and Bioengineering. 2005;100(1):1-11.
19. Andreadis ST. Experimental models and high-throughput
diagnostics for tissue regeneration. Expert Opinion on
Biological Therapy. 2006;6(11):1071-86.
20. Sheyn D, Pelled G, Netanely D, Domany E, Gazit D. The
effect of simulated microgravity on human mesenchymal
stem cells cultured in an osteogenic differentiation system: a

hort Running Title of the Article

bioinformatics study.
2010;16(11):3403-12.

Journal Name, 2015, Vol. 0, No. 0 10

Tissue

Engineering

Part

A.

21. Martin TM, Plautz SA, Pannier AK. Network analysis of
endogenous
gene
expression
profiles
after
polyethyleneimine-mediated DNA delivery. Journal of Gene
Medicine. 2013;15(3-4):142-54.
22. Bachmann J, Raue A, Schilling M, Becker V, Timmer J,
Klingmuller U. Predictive mathematical models of cancer
signalling pathways. Journal of Internal Medicine.
2012;271(2):155-65.
23. Wang ZH, Deisboeck TS. Mathematical modeling in
cancer drug discovery. Drug Discovery Today.
2014;19(2):145-50.
24. Chmielecki J, Foo J, Oxnard GR, Hutchinson K, Ohashi
K, Somwar R, et al. Optimization of dosing for EGFRmutant non-small cell lung cancer with evolutionary cancer
modeling.
Science
Translational
Medicine.
2011;3(90):90ra59.
25. Murray JD. Mathematical Biology I: An introduction.
New York: Springer-Verlag; 2002. 553 p.
26. Keener J, Sneyd J. Mathematical physiology. 1: cellular
physiology. 2 ed. New York: Springer-Verlag; 2009. 547 p.
27. Magrofuoco E, Elvassore N, Doyle FJ. Theoretical
analysis of insulin-dependent glucose uptake heterogeneity
in 3D bioreactor cell culture. Biotechnology Progress.
2012;28(3):833-45.
28. Brown A, Burke G, Meenan BJ. Modeling of shear stress
experienced by endothelial cells cultured on microstructured
polymer substrates in a parallel plate flow chamber.
Biotechnology and Bioengineering. 2011;108(5):1148-58.
29. Castiglione F, Pappalardo F, Bianca C, Russo G, Motta S.
Modeling biology spanning different scales: an open
challenge. Biomed Research International. 2014.
30. Cheng G, Markenscoff P, Zygourakis K. A 3D hybrid
model for tissue growth: the interplay between cell
population and mass transport dynamics. Biophysical
Journal. 2009;97(2):401-14.
31. Politi AZ, Donovan GM, Tawhai MH, Sanderson MJ,
Lauzon AM, Bates JHT, et al. A multiscale, spatially
distributed model of asthmatic airway hyper-responsiveness.
Journal of Theoretical Biology. 2010;266(4):614-24.
32. Hunter PJ, Crampin EJ, Nielsen PMF. Bioinformatics,
multiscale modeling and the IUPS physiome project.
Briefings in Bioinformatics. 2008;9(4):333-43.
33. Walpole J, Papin JA, Peirce, SM. Multiscale
computational models of complex biological systems.
Annual Review of Biomedical Engineering. 2013;15:137-54.
34. Kaul H, Cui Z, Ventikos Y. A multi-paradigm modeling
framework to simulate dynamic reciprocity in a bioreactor.
PloS One. 2013; 8(3):e59671.

35. Den Buijs JO, Dragomir-Daescu D, Ritman EL. Cyclic
deformation-induced solute transport in tissue scaffolds with
computer designed, interconnected, pore networks:
experiments and simulations. Annual Review of Biomedical
Engineering. 2009; 37(8):1601-12
36. Banga JR, Balsa-Canto E. Parameter estimation and
optimal experimental design. Essays in Biochemistry:
Systems Biology, Vol 45. 2008;45:195-209.
37. Vargas-Villamil LM, Tedeschi LO. Potential integration
of multi-fitting, inverse problem and mechanistic modelling
approaches to applied research in animal science: a review.
Animal Production Science. 2014;54(11-12):1905-13.
38. Gilbert TW, Sellaro TL, Badylak SF. Decellularization of
tissues and organs. Biomaterials. 2006;27(19):3675-83.
39. Appel AA, Anastasio MA, Larson JC, Brey EM. Imaging
challenges in biomaterials and tissue engineering.
Biomaterials. 2013;34(28):6615-30.
40. Price AP, Godin LM, Domek A, Cotter T, D'Cunha J,
Taylor DA, et al. Automated decellularization of intact,
human-sized lungs for tissue engineering. Tissue
Engineering Part C: Methods. 2015; 21(1):94-103.
41. Ratcliffe E, Thomas RJ, Williams DJ. Current
understanding and challenges in bioprocessing of stem cellbased therapies for regenerative medicine. British Medical
Bulletin. 2011;100(1):137-55.
42. Adebiyi AA, Taslim ME, Crawford KD. The use of
computational fluid dynamic models for the optimization of
cell seeding processes. Biomaterials. 2011;32(34):8753-70.
43. Zhu XH, Arifin DY, Khoo BH, Hua JS, Wang CH. Study
of cell seeding on porous poly(D,L-lactic-co-glycolic acid)
sponge and growth in a Couette-Taylor bioreactor. Chemical
Engineering Science. 2010;65(6):2108-17.
44. Vunjak-Novakovic G, Obradovic B, Martin I, Bursac
PM, Langer R, Freed LE. Dynamic cell seeding of polymer
scaffolds for cartilage tissue engineering. Biotechnology
Progress. 1998;14(2):193-202.
45. Nikolaev NI, Obradovic B, Versteeg HK, Lemon G,
Williams DJ. A validated model of GAG deposition, cell
distribution, and growth of tissue engineered cartilage
cultured in a rotating bioreactor. Biotechnology and
Bioengineering. 2010;105(4):842-53.
46. Chung CA, Chen CW, Chen CP, Tseng CS. Enhancement
of cell growth in tissue-engineering constructs under direct
perfusion: Modeling and simulation. Biotechnology and
Bioengineering. 2007;97(6):1603-16.
47. Lewis MC, MacArthur BD, Malda J, Pettet G, Please CP.
Heterogeneous proliferation within engineered cartilaginous
tissue: The role of oxygen tension. Biotechnology and
Bioengineering. 2005;91(5):607-15.
48. Gustafsson Y, Haag J, Jungebluth P, Lundin V, Lim ML,
Baiguera S, et al. Viability and proliferation of rat MSCs on

hort Running Title of the Article

Journal Name, 2015, Vol. 0, No. 0 11

adhesion protein-modified PET and
Biomaterials. 2012;33(32):8094-103.

PU

scaffolds.

and Biomaterials. 10. Heidelberg: Springer Berlin; 2013. p.
405-39.

49. Lemon G, Gustafsson Y, Haag JC, Lim ML, Sjövist S,
Ajalloueian F, et al. Modelling biological cell attachment and
growth on adherent surfaces. Journal of Mathematical
Biology. 2014;68(4):785-813.

62. Checa S, Prendergast PJ. Effect of cell seeding and
mechanical loading on vascularization and tissue formation
inside a scaffold: a mechano-biological model using a lattice
approach to simulate cell activity. Journal of Biomechanics.
2010;43(5):961-8.

50. Curcio E, Macchiarini P, De Bartolo L. Oxygen mass
transfer in a human tissue-engineered trachea. Biomaterials.
2010;31(19):5131-6.

63. Peirce S. Computational and mathematical modeling of
angiogenesis. Microcirculation. 2008;15(8):739-51.

51. Asnaghi MA, Jungebluth P, Raimondi MT, Dickinson
SC, Rees LEN, Go T, et al. A double-chamber rotating
bioreactor for the development of tissue-engineered hollow
organs: From concept to clinical trial. Biomaterials.
2009;30(29):5260-9.

64. Malve M, del Palomar AP, Chandra S, Lopez-Villalobos
JL, Mena A, Finol EA, et al. FSI analysis of a healthy and a
stenotic human trachea under impedance-based boundary
conditions. Journal of Biomechanical EngineeringTransactions of the ASME. 2011;133(2).

52. Cheema U, Brown RA, Alp B, MacRobert AJ. Spatially
defined oxygen gradients and vascular endothelial growth
factor expression in an engineered 3D cell model. Cellular
and Molecular Life Sciences. 2008;65(1):177-86.

65. Tawhai M, Clark A, Donovan G, Burrowes K.
Computational modeling of airway and pulmonary vascular
structure and function: development of a "lung physiome".
Crit Reviews in Biomedical Engineering. 2011;39(4):319-36.

53. Lemon G, King JR. Multiphase modelling of cell
behaviour on artificial scaffolds: effects of nutrient depletion
and spatially nonuniform porosity. Mathematical Medicine
and Biology. 2007;24(1):57-83.

66. Aguado-Sierra J, Krishnamurthy A, Villongco C, Chuang
J, Howard E, Gonzales MJ, et al. Patient-specific modeling
of dyssynchronous heart failure: A case study. Progress in
Biophysics & Molecular Biology. 2011;107(1):147-55.

54. Laschke MW, Harder Y, Amon M, Martin I, Farhadi J,
Ring A, et al. Angiogenesis in tissue engineering: breathing
life into constructed tissue substitutes. Tissue Engineering.
2006;12(8):2093-104.

67. Davis NF, Mooney R, Piterina AV, Callanan A, Flood
HD, McGloughlin TM. Cell-seeded extracellular matrices
for bladder reconstruction: an ex-vivo comparative study of
their biomechanical properties. International Journal of
Artificial Organs. 2013;36(4):251-8.

55. Lim M, Ye H, Panoskaltsis N, Drakakis EM, Yue XC,
Cass AEG, et al. Intelligent bioprocessing for
haemotopoietic cell cultures using monitoring and design of
experiments. Biotechnology Advances. 2007;25(4):353-68.
56. Serra M, Brito C, Sousa MFQ, Jensen J, Tostoes R,
Clemente J, et al. Improving expansion of pluripotent human
embryonic stem cells in perfused bioreactors through oxygen
control. Journal of Biotechnology. 2010;148(4):208-15.

68. Deeken CR, Thompson DM, Castile RM, Lake SP.
Biaxial analysis of synthetic scaffolds for hernia repair
demonstrates variability in mechanical anisotropy, nonlinearity and hysteresis. Journal of the Mechanical Behavior
of Biomedical Materials. 2014;38:6-16.
69. Fung YC. Biomechanics: properties of living tissue. 2 ed.
New York: Springer-Verlag; 1993. 568 p.

57. Zhu GY, Zamamiri A, Henson MA, Hjortso MA. Model
predictive control of continuous yeast bioreactors using cell
population balance models. Chemical Engineering Science.
2000;55(24):6155-67.

70. Fan R, Bayoumi AS, Chen P, Hobson CM, Wagner WR,
Mayer JE, et al. Optimal elastomeric scaffold leaflet shape
for pulmonary heart valve leaflet replacement. Journal of
Biomechanics. 2013;46(4):662-9.

58. Bailon-Plaza A, van der Meulen MCH. A mathematical
framework to study the effects of growth factor influences on
fracture healing. Journal of Theoretical Biology.
2001;212(2):191-209.

71. Martin C, Sun W. Modeling of long-term fatigue damage
of soft tissue with stress softening and permanent set effects.
Biomechanics and Modeling in Mechanobiology.
2013;12(4):645-55.

59. Lutianov M, Naire S, Roberts S, Kuiper JH. A
mathematical model of cartilage regeneration after cell
therapy. Journal of Theoretical Biology. 2011;289:136-50.

72. Crisanti MC, Koutzaki SH, Mondrinos MJ, Lelkes PI,
Finck CM. Novel methods for delivery of cell-based
therapies. Journal of Surgical Research. 2008;146(1):3-10.

60. Waugh HV, Sherratt JA. Modeling the effects of treating
diabetic with engineered skin substitutes. Wound Repair and
Regeneration. 2007;15(4):556-65.

73. Cassidy KJ, Bull JL, Glucksberg MR, Dawson CA,
Haworth ST, Hirschl R, et al. A rat lung model of instilled
liquid transport in the pulmonary airways. Journal of Applied
Physiology. 2001;90(5):1955-67.

61. Lemon G, King JR, Macchiarini P. Mathematical
modelling of regeneration of a tissue-engineered trachea. In:
Geris L, editor. Computational Modeling in Tissue
Engineering. Studies in Mechanobiology, Tissue Engineering

74. Halpern D, Jensen OE, Grotberg JB. A theoretical study
of surfactant and liquid delivery into the lung. Journal of
Applied Physiology. 1998;85(1):333-52.

hort Running Title of the Article

Journal Name, 2015, Vol. 0, No. 0 12

75. Soni B, Aliabadi S. Large-scale CFD simulations of
airflow and particle deposition in lung airway. Computers &
Fluids. 2013;88:804-12.
76. Walters DK, Luke WH. Computational fluid dynamics
simulations of particle deposition in large-scale,
multigenerational lung models. Journal of Biomechanical
Engineering-Transactions of the ASME. 2011;133(1).

Progress in Biophysics & Molecular Biology. 2011;104(13):22-48.
86. Holzhutter HG, Drasdo D, Preusser T, Lippert J, Henney
AM. The virtual liver: a multidisciplinary, multilevel
challenge for systems biology. Wiley Interdisciplinary
Reviews-Systems Biology and Medicine. 2012;4(3):221-35.

77. Conese M, Piro D, Carbone A, Castellani S, Di Gioia S.
Hematopoietic and mesenchymal stem cells for the treatment
of chronic respiratory diseases: role of plasticity and
heterogeneity. Scientific World Journal. 2014.

87. Burrowes KS, De Backer J, Smallwood R, Sterk PJ, Gut
I, Wirix-Speetjens R, et al. Multi-scale computational models
of the airways to unravel the pathophysiological mechanisms
in asthma and chronic obstructive pulmonary disease
(AirPROM). Interface Focus. 2013;3(2).

78. Qin ZH, Xu JF, Qu JM, Zhang J, Sai Y, Chen CM, et al.
Intrapleural delivery of MSCs attenuates acute lung injury by
paracrine/endocrine mechanism. Journal of Cellular and
Molecular Medicine. 2012;16(11):2745-53.

88. Pitt-Francis J, Pathmanathan P, Bernabeu MO, Bordas R,
Cooper J, Fletcher AG, et al. Chaste: A test-driven approach
to software development for biological modelling. Computer
Physics Communications. 2009;180(12):2452-71.

79. Herald MC. General model of inflammation. Bulletin of
Mathematical Biology. 2010;72(4):765-79.

89. Caplan A. Why are MSCs therapeutic? New data: new
insight. Journal of Pathology. 2009;217(2):318-24.

80. Lemon G, Waters SL, Rose FR, King JR. Mathematical
modelling of human mesenchymal stem cell proliferation
and differentiation inside artificial porous scaffolds. Journal
of Theoretical Biology. 2007;249(3):543-53.

90. Nickerson D, Nash M, Nielsen P, Smith N, Hunter P.
Computational multiscale modeling in the UPS physiome
project: Modeling cardiac electromechanics. IBM Journal of
Research and Development. 2006;50(6):617-30.

81. Jusko WJ. Moving from basic toward systems
pharmacodynamic models. Journal of Pharmaceutical
Sciences. 2013;102(9):2930-40.

91. Raue A, Kreutz C, Maiwald T, Klingmuller U, Timmer J.
Addressing parameter identifiability by model-based
experimentation. IET Systems Biology. 2011;5(2):120-U78.

82. Erbertseder K, Reichold J, Flemisch B, Jenny P, Helmig
R. A coupled discrete/continuum model for describing
cancer-therapeutic Transport in the Lung. Plos One.
2012;7(3).

92. Samavati N, McGrath DM, Jewett MAS, van der Kwast
T, Menard C, Brock KK. Effect of material property
heterogeneity on biomechanical modeling of prostate under
deformation. Physics in Medicine and Biology.
2015;60(1):195-209.

83. Hunter PJ, Borg TK. Integration from proteins to organs:
the Physiome Project. Nature Reviews Molecular Cell
Biology. 2003;4(3):237-43.
84. Di Ventura B, Lemerle C, Michalodimitrakis K, Serrano
L. From in-vivo to in-silico biology and back. Nature.
2006;443(7111):527-33.
85. Clayton RH, Bernus O, Cherry EM, Dierckx H, Fenton
FH, Mirabella L, et al. Models of cardiac tissue
electrophysiology: Progress, challenges and open questions.
Received: xxxxx, 2015

93. Sun W, Martin C, Pham T. Computational Modeling of
Cardiac Valve Function and Intervention. Annual Review of
Biomedical Engineering, Vol 16. 2014;16:53-76.
94. de Araujo GL, Campos MAA, Valente MAS, Silva SCT,
Franca FD, Chaves MM, et al. Alternative methods in
toxicity testing: the current approach. Brazilian Journal of
Pharmaceutical Sciences. 2014;50(1):55-62.

Revised: xxxxx, 2015

Accepted: xxxxx 2015

